
AIAA JOURNAL, VOL. 32, NO. 5: TECHNICAL NOTES 1085
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Introduction

F LOWS past delta wings and slender bodies of revolution
at angle of attack are of obvious importance in aerody-

namics. These flows are characterized by the formation of
stream wise vortical structures on the leeside of the body. In
experimental as well as computational studies, the vortical
flow structure is often examined on transverse planes normal
to the body axis. On such planes, the projected or sectional
streamline pattern typically exhibits crossflow separation.1
The purpose of this Note is to demonstrate using critical-point
theory and computational results for delta wing flows2'3 that a
number of distinct topologies of crossflow separation are pos-
sible. In addition, the present results confirm and extend
recent experimental findings4'5 for the instantaneous crossflow
topology on pitching delta wings.

Critical-Point Theory
The interpretation of two-dimensional sectional streamline

patterns is aided considerably by the use of critical-point the-
ory or phase-space analysis as described for instance by Perry
and Chong6 (and references therein). At critical (or singular)
points of the flow, the velocity is zero and the streamline slope
is indeterminate. If (u\, u2) denote the components of the
three-dimensional velocity field projected on a given plane (x\9
x2), the classification of two-dimensional critical points on this
plane is obtained from the divergence A = du\/dx\ + 8u2/dx2
and the Jacobian J = (8ui/dxi)(du2/dx2) - (dui/dx2)(du2/dxi),
as shown in Fig. la. The different types of critical points are
saddles, nodes, and foci. The foci and nodes can be either
stable (attracting) or unstable (repelling), depending on the
sign of A.

Another important but less recognized feature encountered
in the topology of sectional streamline patterns is the closed
"bifurcation line" or "limit cycle."6 A limit cycle is a closed
isolated trajectory to which other nonclosed trajectories asymp-
tote (stable limit cycle) or emanate from (unstable limit cycle).
A schematic of a stable limit cycle is given in Fig. Ib. An
unstable limit cycle may be obtained from this figure by re-
versing the direction of the arrows. If a limit cycle exists in the
sectional streamline pattern, it must enclose at least one criti-
cal point that cannot be a saddle. Furthermore, the divergence
of the projected velocity field on the plane must change sign in
the region where the limit cycle exists.

Results and Discussion
To show the application of critical-point theory to crossflow

separation, two examples taken from computed flowfields
about delta wings are considered. The first case pertains to the
structure of transient vortex breakdown above a pitching delta
wing computed in Ref. 2 and studied experimentally by Mag-
ness et al.4 and Lin and Rockwell.7 Calculations were per-
formed for a 75-deg sweep delta wing subject to a ramp-type
pitch maneuver from 25- to 50-deg angle of attack. Details of
the computational procedure, grid sensitivity study, and fa-
vorable comparison with the experimental data are provided
in Ref. 2.
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The computed instantaneous crossflow topology at several
stream wise stations along the wing is shown in Fig. 2 at a
nondimensional time tU^/C = 0.4 after the wing has com-
pleted its pitching motion. The corresponding distribution of
the streamwise velocity component along the leading-edge vor-
tex axis is given in Fig. 3. (For convenience, the vortex axis is
arbitrarily defined as a straight line emanating from the apex
and passing through the point of minimum total pressure in
the vortex core on a plane sufficiently upstream of break-
down.) It can be seen that vortex breakdown (defined in terms
of u - 0) occurs just downstream of the 60% chord location.
Near the apex (X/C = 0.13), the crossflow topology of the
primary vortex is characterized by the usually assumed stable
(spiraling in) focus (Fig. 2a). At X/C = 0.34 (Fig. 2b), the
sectional streamlines emanating from the leading edge spiral
inward, but the streamlines in the core spiral outward, with a
stable limit cycle (Fig. Ib) between the two regions. At the
location X/C = 0.6 (Fig. 2c), the topology is characterized by
an unstable (spiraling out) focus as first shown by Magness et
al.4 Finally, at X/C = 0.9 (Fig. 2d), downstream of break-
down, the flow in the core begins to spiral inward, whereas
away from the axis the flow spirals outward, and an unstable
limit cycle appears. It should also be noted that in Figs. 2a and
2b the sectional streamline emanating from the wing leading
edge is entrained into the vortical flow, unlike Figs. 2c and 2d
in which no entrainment is observed. The calculations reveal
that the crossflow topology of the primary vortex can be
characterized by either a stable or an unstable focus and that
the transformation between the two topologies takes place
through the appearance of limit cycles. The existence of limit
cycles has also been previously observed on a plane that cuts a
multicelled vortical structure.6 However, the limit cycle of Fig.
2b, which occurs upstream of vortex breakdown, is not associ-
ated with reverse axial flow in the vortex core but rather with
the axial deceleration and radial divergence of the flow, as
explained next.

The type of two-dimensional critical point in a crossflow
(X = const) plane associated with the primary vortex is deter-
mined (see Fig. la) by the divergence A = VY + wz and the
Jacobian J = VYWZ - vzwy of the projected velocity field at
the critical point. If 7>A2/4, the critical point is a focus,
either stable for A<0 or unstable for A>0. For the pattern of
Fig. 2b, //(t/oo/C)2 = 2.5 x 104 and A/(t/00/C) = 4.5, and there-
fore the focus must be unstable. Since the outer flow is spiral-
ing inward, a limit cycle exists and lies in a region where A
changes sign. If the flow is assumed to be effectively incom-
pressible, A can be approximated by - du/dX using the equa-
tion of mass conservation. Therefore, the patterns of Fig. 2
may be approximately correlated with the corresponding
streamwise velocity distribution along the core given in Fig. 3.
For X/C = 0.13 and 0.9 (Figs. 2a and 2d), du/dX>Q (vortex
stretching), and the sectional streamlines exhibit a stable fo-
cus. On the other hand, for X/C = 0.34 and 0.6, an unstable
focus is present due to the negative streamwise velocity gradi-
ent (vortex compression). Since sectional streamline patterns
are not necessarily invariant with the orientation of the plane,1
the crossflow topology was re-examined on transverse planes
normal to the vortex axis but was found to be essentially the
same. Therefore, the various topologies of Fig. 2 are not due
to the angle of the plane relative to the vortex axis (as could be
the case) but rather to stretching and compression of the
vortex core.

The preceding straightforward application of critical-point
theory to the interpretation of sectional streamline patterns
also suggests that the various crossflow topologies observed
are not restricted to the case of unsteady vortex breakdown.
To show this, the next example considered is the steady flow
past a 80-deg sweep delta wing at an angle of attack of 30 deg.
Details of the computations and comparison with experiments
are given in Ref. 3. The crossflow topology at the 60% chord
location is shown in Fig. 4. The topology of the primary
vortex is found to be characterized by an unstable focus and
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a) Two-dimensional critical points

b) Stable limit cycle
Fig. 1 Critical-point concepts.

c)
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Fig. 2 Instantaneous crossflow topology at select chordwise stations
above a 75-deg sweep delta wing (F+ and F~: stable and unstable Fig. 3 Streamwise velocity distribution along vortex core (points a,
focus; LC+ and LC~: stable and unstable limit cycle; S: saddle). 6, c, and d correspond to the Streamwise stations of Fig. 2).
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Fig. 4 Crossflow topology at the 60% chord location above an 80-
deg sweep delta wing at 30-deg angle of attack.

limit cycle and not by the stable focus commonly assumed.
Examination of the flow also shows that the unstable focus
corresponds to a negative value of du/dX.

Although the preceding discussion has been restricted to the
primary vortex, different crossflow topologies are also possi-
ble for the secondary vortical structures. For instance, in Fig.
2b, the secondary vortical structure near the wing displays an
unstable focus, whereas in Fig. 2d, a stable focus is observed.
Also, in Fig. 4, the secondary structures show several unstable
foci. Finally, unstable foci and limit cycles are also found (but
not included here) in the topology of the vorticity vector field
projected on a crossflow plane.

The present computational results and the application of
critical-point theory clearly show that the usually assumed
flow pattern of crossflow separation, characterized by a stable
focus, is not universally valid. The crossflow topology of
vortical flows may also display unstable foci and limit cycles.
The specific type of topology can be correlated with the
stretching and compression along the vortex core. The preced-
ing examples of crossflow separation indicate that care should
be exercised in the interpretation of both computational and
experimental results of vortical flows past wings and forebod-
ies at high angles of attack.
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Introduction

AT the present time, the only efficient way to calculate turbu-
lent flows in complex geometries of engineering interest is to

use Reynolds-averaged Navier-Stokes (RANS) equations. As
compared to the original Navier-Stokes problem, these RANS
equations possess much more complicated nonlinear structure and
may exhibit far more complex nonlinear behavior. In certain cases,
the asymptotic behavior of such models can be studied analytically
which, aside from being an interesting fundamental problem, is
important for better understanding of the internal structure of the
models as well as to improve their performance.

Governing Equations and Analysis
In this work, we analyze the renormalization group (RNG) K-z

turbulence model, derived directly from the incompressible
Navier-Stokes equations.1'2 It has already been used to calculate a
variety of turbulent and transitional flows in complex geometries.3
In high-Reynolds-number flow regions, the dynamical transport
equations for mean turbulent kinetic energy K and mean dissipa-
tion rate e are

tr- + U: ^— = VTS - e + TT—3f 7 /-) v i 7\v (D

a*
,
- el r

av

2-c^-v-i^i-

(2)

Here Uj is the mean velocity, a is the inverse turbulent Prandtl
number, v = VT + V0 is the total viscosity, VT is the turbulent viscos-
ity, S = (25?.y/2, Stj = 1/20^/3^ +dUj/dXf) is the mean strain rate,
and t| is the dimensionless strain-rate parameter rj = KS/t. The
effective eddy viscosity v and turbulent Prandtl number a are
obtained using the RNG scale elimination procedure which yields
their functional dependence on the dynamic variables K and e. In
the high-Reynolds-number regions of the flow, the asymptotic val-
ues of v and a are v ~ vr = C^2/e and a = 1.39, and the values of
other quantities appearing in Eqs. (1) and (2) are Cel = 1.42, Ce2 =
1.68, p = 0.012, T|0 - 4.38, and Q - 0.084.

In the near-wall (low-Reynolds-number) regions of wall-
bounded turbulent flows, the turbulent viscosity turns off (vr = 0)
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